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1.1 Purpose of the present thesis
Recently, proximity-induced phenomena in van der Waals (vdW) heterostruc-
tures [1] consisting of several 2D materials have attracted considerable exper-
imental and theoretical interests. Since the physical properties of the 2D
materials are generally sensitive to the substrate, we can select a specific
kind of substrates to manipulate the properties of the 2D materials. A typ-
ical example is graphene on a substrate of transition-metal dichalcogenides
(TMDC) [2, 3, 4, 5], where negligibly small spin-orbit coupling (SOC) of in-
trinsic graphene is significantly enhanced by the interlayer interaction with
the TMDC substrate. Similarly a magnetic exchange field is induced on
graphene when it is placed on a ferromagnet substrate [6, 7, 8].
Although great efforts have been devoted to the research of the proximity
effects in the 2D materials, the previous studies have mainly considered com-
mensurate structures, where the effect of lattice mis-orientation is neglected.
In particular, the previous works on the proximity SOC in the graphene/T-
MDC systems only focused on non-rotated configurations [3, 4, 5, 9, 10], where
the lattice constant is adjusted to obtain a commensurate structures with a
finite unit cell. Meanwhile, the effects of the lattice mis-orientation have been
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extensively studied in other 2D heterostructures [11, 12]. In graphene/hBN
(hexagonal boron nitride) [13, 14, 15, 16, 17, 18, 19, 20, 21], the moiré in-
terference pattern gives rise to the formation of a miniband structure with
the secondary Dirac cones [17]. The twisted bilayer graphene also exhibits
dramatic angle-dependent phenomena, such as the flat band formation [22,
23, 24, 25, 26, 27, 28, 29] and the emergent superconductivity [30, 31].
For graphene/TMDC heterostructures, the band structure was theoret-
ically calculated for several commensurate angles using the density func-
tional theory (DFT). [32, 33, 34]. It was also experimentally probed by
angle-resolved photoemission spectroscopy [35, 36], photoluminescence, Ra-
man spectroscopy [37], and scanning tunneling spectroscopy[38]. However,
the effect of lattice mis-orientation and the twist-angle dependence of prox-
imity induced SOC on graphene still remain unclear. It is generally hard to
consider an arbitrary twist angle in the DFT calculation, because the system
is essentially incommensurate and does not have a finite unit cell.
In this thesis, we study the proximity SOC effect in incommensurate
graphene-TMDC heterostructures by using a perturbational approach based
on the tight-binding model, which do not need the commensurate lattice
matching. We obtain an effective proximity-SOC potential for graphene as
a continuous function of θ, and reveal its angle dependence for several types
of TMDCs. We find that the relative rotation of graphene to TMDC greatly
enhances the spin splitting of graphene, typically by a few to ten times com-
pared to the non-rotated geometry, and the maximum splitting is achieved
around 20◦. Furthermore, we demonstrate that the spin-splitting is sensitive
to the relative band energy between graphene and TMDC, and it sharply rises
when the graphene’s Dirac point is shifted toward TMDC band by applying
the gate voltage. In the latter part, we study the proximity SOC effect in
multilayer graphenes on TMDC. We apply the above theoretical analysis to
AB-stacked bilayer graphene (BLG), ABA-stacked trilayer graphene (TLG)
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and ABC-stacked TLG. The multilayer graphene is distinct from the mono-
layer in that the band structure is tunable by the perpendicular gate electric
field [39, 40, 41, 42, 43, 44, 45]. We will demonstrate that the proximity
induced SOC on multilayer graphenes can be controlled by the electric field.
The theoretical method proposed here is applicable to any incommensurate
bilayer systems where the DFT calculation cannot be used, and therefore it
considerably extends the applicability of the theoretical framework to a wide
variety of van der Waals heterostructures.
The thesis is organized as follows. In the rest of this chapter, we re-
view the previous works on graphene, multilayer graphenes, TMDC and two
dimensional moiré superlattices . Chapter 2 presents the essential theoreti-
cal tools to study graphene on TMDC heterostructures, where we introduce
the electronic band models of monolayer graphene, multilayer graphenes and
TMDC, and then present the theoretical treatment to describe the interlayer
interaction between two layers with different periodicities. Using these theo-
retical methods, we study the angular dependence of proximity induces SOC
for graphene on TMDC in Chapter 3 and that for multilayer graphenes in
Chapter 4. Chapter 5 concludes the thesis.
1.2 Two Dimensional Materials
1.2.1 Monolayer Graphene
Graphene is a single layer of carbon atoms arranged in honeycomb lattice.
It serves as a basic structural element for various carbon-based materials
such as graphite and carbon nanotube. It was first synthesized through me-
chanical exfoliation in 2004 [46, 47]. In graphene, the s, px, py electrons
form σ-bonds through sp2 hybridization, stabilizing the hexagon structure
of graphene. In contrast, the pz electron forms π-bond and can move freely
7
1.2. TWO DIMENSIONAL MATERIALS
across the graphene plane. These π-bonds hybridize into π-bands and π∗-
bands, which govern most of graphene’s electronic properties. The conduc-
tion band and valence band of graphene touch at Dirac points locating at the
edges of Brillouin zone. A π electron of graphene is described by a massless
Dirac Hamiltonian [48, 49, 50, 51] rather than an usual Schrödinger equa-
tion. The experimental observation [47, 52] of an unusual sequence of the
integer Quantum Hall plateau confirms the massless charge carriers with lin-
ear dispersion. Graphene also shows a great electron mobility at the room
temperature, which exceeds 15000 cm2V−1s−1[53]. Due to these unique prop-
erties, graphene has attracted great interests in physics, materials science and
engineering. However, graphene lacks the spin-orbit coupling[54] because the
SOC is weak in light atoms such as carbon, which limits its applications to
spintronic devices. This can be remedied by stacking it onto other crystal
with strong SOC, which will be argued in the following sections.
(a) (b)
Figure 1.1: (a) An STM image of graphene [55] shows its honeycomb lattice
structure. (b) Spin-orbit gap of graphene via DFT calculation [56].
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1.2.2 Regularly-stacked Bilayer and Trilayer Graphene
Here we review the regularly-stacked multilayer graphenes, including AB-
stacked BLG, ABA-stacked TLG and ABC-stacked TLG, which are illus-
trated in Fig. 1.2. These stacking structures are found as a part of graphite
in nature [57]. Depending on the stacking order (Fig. 1.2a, 1.2b and 1.2c), the
electronic properties dramatically change [58, 42, 59, 60, 61, 62, 63, 64, 65].
The AB-stacked BLG is formed by aligning vertically the A sublattice of the
upper graphene layer to the B sublattice of the lower layer. The dispersion
relation is quadratic (Fig. 1.3a) rather than linear as opposed to monolayer
graphene. The ABA-TLG and ABC-TLG are formed by placing the third
graphene layer on top of AB-BLG. The energy band (fig 1.3b) of ABA-TLG
consists of a monolayer-like band analog and a bilayer-like band. Thus, two
sets of conduction band and valance band touch at the Fermi level. Mean-
while, only a single pair of valance band and conduction band are touching
for ABC-TLG (Fig. 1.3c). Its dispersion relation is cubic in contrary to the
quadratic band of AB-BLG and the linear band of monolayer graphene. The
details on the stacking orders and electronic properties are described in Sec.
2.1.2.
For all of these three types of graphene multilayers, a band gap can be
opened by a perpendicular electric field [42, 59, 66, 41, 43, 45]. As is illus-
trated in (Fig. 1.3a, 1.3b and 1.3c), a band gap opens at the Fermi level when
the perpendicular electric field is applied, and the gap width increases as the
electric field is increased. Tunable band gap is used in various applications
such as field effect transistors [67], thermoelectric devices [68], plasmonic de-
vices [69] and other purposes [70, 71, 72]. In this thesis, we will demonstrate
that the proximity induced SOC can be controlled by the perpendicular elec-
tric field.
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(a) (b) (c)
Figure 1.2: The stacking structures of (a) AB-BLG, (b) ABA-TLG and (c)
ABC-TLG.
(a) (b) (c)
Figure 1.3: Band structures of (a) AB-BLG with (solid) and without (dashed)
perpendicular electric field[66], (b) ABA-BLG with (red) and without (green)
perpendicular electric field[43] and (c)ABC-BLG with (red) and without




Transition metal dichalcogenides (TMDCs) are compounds expressed by chem-
ical formula MX2, where M is a transition metal atom and X a chalcogen
atom. In this thesis, M is either Mo (molybdenum) or W (tungsten) and X
is either S (sulfur) or Se (selenium). Just like graphene, TMDCs are layered
materials, and ultra-thin layer of TMDC can be fabricated by mechanical
exfoliation [73] as in graphene. The production of monolayer MoS2 can be
dated back to 1986 [74]. In contrast to graphene, TMDC are semiconductors
with direct or indirect band gaps depending on the number of layers[75, 76].
Among the various structural phases of TMDCs, we consider only 2H phase
in the thesis, which takes a honeycomb lattice from the top view. As opposed
to bulk TMDCs with an indirect band gap, its monolayer has a direct band
gap and the band edge is located at K+ and K− point. In the monolayer
TMDC, different atoms at A and B sublattice breaks the inversion symmetry,
and it enables the optical control of valley degrees of freedom[77]. Specifi-
cally, the electrons of valleys K+ and K− can be excited by right and left
polarized photons, respectively.
In TMDC, a strong spin-orbit coupling of the transition metal atom re-
moves the spin degeneracy in both of the conduction and valence bands, intro-
ducing a large spin splitting up to several hundred meV[78]. The combination
of valley and spin degrees of freedom leads to the valley-spin coupling[79]. As
is schematically shown in Fig. 1.4, a circular polarized light gives rise to valley
polarization and spin polarization at the same time. Thanks to these unique
properties, TMDC monolayers are often stacked with other 2D materials such
as graphene and hBN to fabricate spintronic devices [1, 80, 81]. In this thesis,
we will consider the graphene/TMDC hybrid system, and demonstrate that
the SOC is induced in graphene through the proximity effect.
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Figure 1.4: Band structures of TMDC with (solid) and without (dotted) SOC
[78].
1.3 Van der Waals Heterostructures
Van der Waals (vdW) heterostructures are made by stacking 2D crystals on
top of each other. In these systems, strong covalent bonds provide the in-plane
stability of each 2D layer, while the weak vdW force between layers maintains
the stacking. The fabrication of vdW heterostructure out of 2D materials is
experimentally feasible[82, 83, 84, 85, 86, 87]. The assembling of various
kinds of 2D crystals into a single stack provides great flexibility of tuning the
physical properties. Through the proximity effect, the ferromagnetism[88, 89,
90, 6, 7, 8], and the spin-orbit coupling[3, 91, 5, 4, 92, 93] can be induced by
stacking graphene onto specific materials.
1.3.1 Twisted Bilayer Graphene
Multilayer graphene can also be regarded as a kind of vdW heterostructure
composed of identical 2D crystals. By considering an arbitrary stacking order
other than regularly-stacked ones argued in Sec. 1.2.2, it turns out that a
relative rotation of two graphene layers results in dramatic changes in the
12
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Figure 1.5: Van der Waals heterostructures can be assembled with different
2D crystals in a similar way to stacking various Lego blocks [1].
electronic properties [94, 20, 18, 21, 30, 31]
Figure 1.6: First row: moiré patterns on twisted bilayer graphene at different
twist angle θ. Second row: band structures of twisted bilayer graphene at
different twist angle θ [94].
The weak interlayer coupling in bilayer graphene allows a rotated stacking
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with an arbitrary twist angle of the top layer relative to the bottom layer.
When the twist angle is less than several degrees, a long-range moiré patterns
is formed in the interface between two layers. Such kind of moiré patterns are
widely seen in epitaxially-grown multilayer graphenes [95, 96, 97, 98, 99, 100,
101]. It also appears in the interface formed by folding single sheet of graphene
[102, 103, 104]. When the twist angle θ approaches 0◦, the spatial period of the
moiré pattern diverges. Such a long range periodicity significantly modifies
the band structure of the linear Dirac band of monolayer graphene and almost
flat bands are formed at a certain ‘magic’ twist angle around 1◦.[22, 23, 24,
25, 26, 27, 28, 29]. Since the electron kinetic energy of such the flat bands
is almost zero, strong correlated phenomena, such as the Mott insulating
phase and the superconductivity, have been found near the magic angle [30,
31]. In a magnetic field, the large unit cell near 0◦ enables the experimental
observation of Hofstadter’s Butterfly, i.e., the fractal energy spectrum caused
by the interference of the magnetic field and spacial periodicity. [94, 20, 18, 21]
(a) (b)
Figure 1.7: (a) Hofstadter’s Butterfly of twisted bilayer graphene with twist
angle θ = 1.47◦. [94] (b) Mott insulating phase and superconducting phase




In addition to the vdW heterostructure consists of two identical 2D materials
considered in the previous subsection, the interface between graphene/hBN
(hexagonal boron nitride) also shows a moiré pattern which significantly alters
the physical properties. The boron nitride also forms a hexagonal lattice just
like graphene, with boron atoms constituting the A sublattice and nitrogen
atoms B. The lattice constants of graphene and that of hBN differ only by
1.8%. Due to this tiny lattice mismatch, a long range moiré pattern is formed
on the interface of graphene / hBN even without rotation (Fig. 1.8a).
(a) (b)
Figure 1.8: (a) Moiré pattern in graphene/hBN without rotation (b) The
band structure of graphene/hBN without rotation.
The hBN is a band insulator with the band gap about 6 eV, and it is
widely used as ultra-flat substrate on which the 2D materials is placed. [105]
When a monolayer graphene is stacked on hBN substrate, the low-energy
electronic states near the Fermi energy is dominated by the graphene’s Dirac
cone, while it is modulated by a perturbational effective potential induced
by hBN. When the relative rotation angle between graphene and hBN is
small, in particular, the moiré pattern with about 10nm period gives rise to
satellite band gaps in the graphene’s Dirac cone, and also fractal electronic
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properties under magnetic field (Fig. 1.8b) [13, 14, 15, 16, 17, 18, 19, 20, 21].
Graphene/hBN is another example showing the importance of taking into
consideration the lattice misorientation.
1.3.3 Graphene/TMDC heterostructure
As is mentioned in Sec. 1.2.1, graphene has a high electron mobility but lacks
spin-orbit interaction. On the other hand, as argued in Sec. 1.2.3, TMDC
has a strong spin-coupling while the mobility is not as high as graphene. By
stacking graphene and TMDC into a vdW heterostructure, we can overcome
the drawbacks of the two materials while preserving their advantages. Ex-
perimentally it was reported that graphene can be efficiently grew on TMDC
[106, 107, 108]. The graphene/TMDC systems have been applied spin-to-
charge interconversion, photodetector and the spin Hall effect measurement.
[109, 110, 111, 112].
Figure 1.9: A device made of graphene / TMDC heterostructure that mea-
sures Spin Hall Effect [113].
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There are several theoretical calculations addressing the electronic prop-
erties of graphene/TMDC heterostructures, where the proximity spin orbit
coupling of the order of 0.1 to 1 meV was predicted [3, 4, 5, 9, 10, 114]. How-
ever, these previous studies are limited to commensurate geometries with
non-rotated configuration [3, 4, 5, 9, 10]. Due to the difference in lattice
constants of graphene and TMDC, the combined heterostructure is always
incommensurate even without rotation. In the previous theoretical studies,
graphene is stretched a little and rationalized to match the TMDC lattice
structure, so that a finite unit cell is obtained for the density functional the-
ory (DFT) calculations. For instance, Ref. [4] (Fig. 1.10) uses a large unit
cell containing 59 atoms, consisting of 3 × 3 supercells of MoS2 and a 4 × 4
supercells of graphene. The lattice constant of graphene is deformed by 1.4%
to match the MoS2 supercell. The rationalized unit cell with the non-rotated
conifguration has already contained so many atoms. An arbitrary twist angle
generally requires a larger number of atoms in the deformed unit cell, making
the DFT calculation even more difficult. On the other hand, the studies of
twisted bilayer graphene and graphene /hBN strongly suggest the importance
of the relative lattice rotation, which was overlooked in the previous exper-
iments and also in the DFT calculations. In this thesis, therefore, we will
develop a theoretical framework to describe the proximity induced SOC in
graphene on TMDC with an arbitrary twist angle.
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Figure 1.10: A DFT calculation of graphene on MoS2 with twist angle θ = 0





The Hamiltonian of the graphene/TMDC heterostructure is separated into
three parts: the intralayer Hamiltonian of graphene, that of TMDC, and the
interlayer Hamiltonian between graphene and TMDC. The theoretical back-
grounds of these three parts are provided in this chapter. First, we present
the electronic band models for graphene and TMDC. Then, we introduce a
tight-binding based interlayer coupling Hamiltonian for general bilayer sys-
tems with an arbitrary twisted angle. Finally, we present the Slater-Koster
Approximation, which will be used to describe the primitive interaction be-
tween carbon atoms and transition metal and chalcogen atoms in TMDC.
2.1 Electronic Properties of Graphene Layer(s)
2.1.1 Monolayer Graphene
Graphene is a single-layer carbon crystal with a hexagonal lattice. The carbon
atoms in graphene can be separated into A and B sublattices. Its unit cell
and Brillouin zone are shown in Fig. 2.1, where the lattice vectors are defined
as











2.1. ELECTRONIC PROPERTIES OF GRAPHENE LAYER(S)
(a) (b)
Figure 2.1: The unit cell (a) and Brillouin zone (b) of graphene. ai and
bi(i = 1, 2) are lattice vector and reciprocal one respectively. The unit cell
consists of two carbon atoms, A and B. Γ, K, K ′ and M are high-symmetry
points in the Brillouin zone. The gray region in (b) is the first Brillouin zone.
where a = 0.246 nm is the lattice constant. The reciprocal lattice vectors are
given by
ai · bj = 2πδij. (2.2)

























(−b1 + 2b2), K′ = −
1
3
(−b1 + 2b2). (2.4)
In the following, we just consider π orbitals of carbon atoms, because
other orbitals do not contribute the electronic states near the Fermi energy.
Figure 2.2 shows the dispersion relation of π orbitals derived from tight bind-
ing Hamiltonian. The conduction and valence bands touch at K and K’
points. Near these K and K’ points, the energy band has a cone-shaped
linear dispersion. It can be represented by a Dirac-like equation,
H(k) = −~v(k−Kξ) · (ξσx, σy), (2.5)
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where ξ = ± denotes two independent K points shown in Fig. 2.1b: K =
(−b1 + 2b2)/3 and K′ = −(−b1 + 2b2)/3. σx, σy are Pauli matrices and
v is the velocity of an electron in graphene. Since we will studying twisted
layers, rotation of graphene is inevitable. The Hamiltonian of a graphene
layer rotated by θ is given by,
H(k) = −~vR(−θ)(k−Kξ) · (ξσx, σy), (2.6)
where R(θ) is a rotational matrix.
Figure 2.2: Dispersion relation of π electron of graphene. It is approximately
linear near K (K’) points (right).
2.1.2 Regularly Stacked Multilayer Graphene
In this study, we focus on AB-stacking bilayer graphene (BLG), ABA-stacking
trilayer graphene (TLG) and ABC-stacking TLG. The stacking order are
determined by how the upper layer is aligned to the lower layer. In AB-
stacking BLG, for example, the A atoms of upper layer are aligned vertically
to the B atoms of the lower layer. The structures of the three multilayer
graphenes of concern are illustrated in Fig. 2.3.
The Hamiltonian of multilayer graphene in basis A1, B1; A2, B2; · · · , is
21
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(a) (b) (c)
Figure 2.3: Atomic structures and important hopping processes of (a) AB-
stacking bilayer graphene, (b) ABA-stacking trilayer graphene and (c) ABC-
stacking trilayer graphene.
written as
H = H0 +H∆ =

H1 H12 H13
















Here H0 is the Hamiltonian for the intrinsic multilayer graphene, and H∆ is
the interlayer asymmetric potential given by the external gate electric field.
In the first term, the diagonal block Hi is the 2× 2 intralayer Hamiltonian of
layer i, which is just Eq. (2.5), while the off-diagonal blocks Hij are interlayer
interaction Hamiltonian between layer i and layer j. The ∆i (i = 1, 2, 3 · · · )
in the second term represents the electrostatic potential of layer i. Here we
simply assume ∆i = (i − 1)eFd with the perpendicular gate electric field
F . It is proportional to a 2 × 2 unit matrix i.e., it is independent of the
sublattice degree of freedom. Using the same notation as the Slonczewski-
Weiss-McClure (SWM) model [115, 116, 117, 118], Hamiltonians of AB-BLG
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[119], ABC-TLG [120] and ABA-TLG [121] are explicitly expressed as
HAB0 =

0 vπ† −v4π† v3π
vπ ∆′ γ1 −v4π†
−v4π γ1 ∆′ vπ†
v3π





0 vπ† −v4π† v3π 0 γ2/2
vπ ∆′ γ1 −v4π† 0 0
−v4π γ1 ∆′ vπ† −v4π† v3π
v3π
† −v4π vπ ∆′ γ1 −v4π†
0 0 −v4π γ1 ∆′ vπ†
γ2/2 0 v3π





0 vπ† −v4π† v3π γ2/2 0
vπ ∆′ γ1 −v4π† 0 γ5/2
−v4π γ1 ∆′ vπ† −v4π† v3π
v3π
† −v4π vπ 0 γ1 −v4π†
γ2/2 0 −v4π γ1 0 vπ†
0 γ5/2 v3π




The values of the SWM parameters involved in Eq. (2.8)-(2.10) are listed in
Table 2.1. The diagonal term ∆′ is the energy differences between dimer and
non-dimer sites [122, 123, 124, 118]. The off-diagonal terms describe the intra
and interlayer hopping with the in-plane momentum operator π = ξpx + ipy,
the monolayer’s band velocity v =
√
3aγ0/2~ where a is lattice constant of
graphene. Other effective velocities are of a general form vi =
√
3aγi/2~,
where the associated hopping parameters γi’s are illustrated in Fig. 2.3.
The band structures near K are shown in Fig. 2.4. The band disper-
sion of AB-BLG near the Fermi level is quadratic (Fig. 2.4a) as opposed to
monolayer graphene’s linear bands. For ABC-TLG, a linear Dirac cone like
23
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Table 2.1: Summary of SWM hopping parameters (in eV) used in this thesis.
Parameter AB-BLG[125] ABC-TLG[120] ABA-TLG[126]
γ0 3.16 3.1 3.1
γ1 0.381 0.502 0.39
γ2 - -0.0171 -0.028
γ3 0.38 -0.377 0.315
γ4 0.14 -0.099 0.041
γ5 - - 0.05
∆′ 0.022 0.0185 0.046
monolayer graphene emerges in addition to the quadratic bands (Fig. 2.4a).
ABC-TLG (Fig. 2.4c) has only a set of valance band and conduction band
touching the zero energy, and its dispersion relation is nearly cubic. The emer-
gence of Dirac-like Fermion is due to the mirror symmetry of ABA-TLG. The
symmetrical interaction from both the top layer and the bottom layer leaves
the on-site energy and electon negativity of the middle layer unchanged and
the middle layer behave like an isolated single layer [64]. When an external
electric field perpendicular to the multilayer graphenes is applied, a band
gap openeds at zero energy for all of AB-BLG, ABC-TLG. However, energy
degeneracy still remains at the Fermi level for ABA-TLG [127, 128]. The
external electric filed mixes the bilayer parabolic bands and the monolayer
Dirac cone while preserving the degeneracy at Fermi level. Their bands under
the external field F = 0.588V/nm are plotted using dashed lines in Fig. 2.4.
2.2 Transition Metal Dichalcogenide
The unit cell of transition metal dichalcogenide (TMDC) consist of a transi-
tion metal atom (Mo, W, etc.) and two chalcogen atoms (S, Se, etc.). As is
24
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Figure 2.4: Band structures near K of (a) AB-stacking bilayer graphene,
(b) ABA-stacking trilayer graphene and (c) ABC-stacking trilayer graphene.
Solid lines represent the band structure without the perpendicular electric
field, and the dashed is with electric field of F = 0.588V/nm.
shown in Fig. 2.5, the two chalcogen atoms in the unit cell align vertically so
that TMDC forms a honeycomb lattice from the top-view. Transition metal
atoms are encapsulated amid chalcogen atoms. In contrast to graphene, the
sublattices of TMDC consist of different atoms, giving rise to different band
structures near K and K ′ (valley degree of freedom). Furthermore, the d-
orbital states of the heavy transition metal atoms have a strong spin-orbit
coupling, resulting in a stronger spin splitting in the conduction band up
to several hundred meV. Therefore, TMDC is suitable to induce SOC in
graphene layers through proximity effect.
We adopt the tight-binding model including three p-orbitals for a chalco-
gen atom and five d-orbitals for a transition metal atom [129]. The orbitals in













where t and b represent top and bottom chalcogen layers. The hopping pro-
cesses considered are illustrated in Fig. 2.6. We adopt the hopping parameters
extracted from DFT calculations, which are listed in details in [129].
The spin-orbit coupling (SOC) is incorporated by on-site λSOL · S term
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Figure 2.5: Atomic structure of transition metal dichalcogenide. From the
top view (left), TMDC is of the same honeycomb structure as graphene. Side
view (right) shows that two chalcogen atoms align vertically and together
they form one sublattice of the honeycomb lattice.
Figure 2.6: Hopping processes considered in the tight-binding model [129].
Up to the second-nearest-neighbor hoppings are considered.
for each single atom. The amplitude of SOC for the transition metal atoms
M and the chalcogen atoms X are listed in Table 2.2. The resulting band
structure of WSe2 with SOC in this tight-binding model is shown in Fig. 2.7.
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Table 2.2: Atomic spin-orbit coupling strength in TBH in units of eV/~2
[129].
Mo W S Se
λ
M/X
SO 0.0836 0.2874 0.0556 0.2470
Figure 2.7: The band structure of WSe2 with spin-orbit coupling. The color
indicates the expectation value of spin z-component.
2.3 Interlayer Coupling in Incommensurate In-
terface
When one atomic layer is overlaid on another, an additional interference
pattern, or moiré pattern, is produced by a slight difference in the period-
icity between the two layers. Generally, the periodicity difference is pro-
duced by different lattice constants, distortion and rotation. The inter-
ference pattern introduces an additional superlattice structure to the over-
all system and results in significant modifications to the electronic prop-
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erties. When the two lattice periods are close to each other, in particu-
lar, the interference pattern becomes long-ranged and the low energy bands
are dramatically changed, as is the case in the twisted bilayer graphene
[22, 130, 23, 24, 25, 26, 27, 131, 132, 94, 28, 133, 134]. Due to the lattice
mismatch, a common unit cell generally does not exist in such a system.
Even if it exists, it includes a large number of atoms and it makes DFT or
naive tight-binding model infeasible to work out. However, the interlayer in-
teraction can be described in the Bloch basis in k-space, and it allows us to
describe the proximity effect as a perturbational effective potential, as shown
in the following. [135]
We consider a honeycomb lattice with lattice constant aT as the top layer,
on another honeycomb lattice with lattice constant aB as the bottom layer.
First, the two layers are overlapped in such way that the orientation of the
top honeycomb lattice is aligned to that of the bottom honeycomb lattice
. Then, the bottom layer is twisted by an angle θ, forming the geometry
illustrated in Fig. 2.8. The lattice vectors of the top (blue) layer is denoted
as a1 = aT (1, 0) and a2 = aT (1/2,
√
3/2) and those of the bottom (green)
layer are ã1 = RaB(1, 0) and ã2 = RaB(1/2,
√
3/2), where R = R(θ) is
the rotation matrix. The corresponding unit cell areas are S = |a1 × a2| and
S̃ = |ã1×ã2| for the top layer and the bottom one respectively. The reciprocal






2, are defined by ai · a∗j = ãi · ã∗j = 2πδij.
There are two atoms in the unit cell of either layer. For either of the
atoms, there can generally more than one orbitals to consider. The orbitals
in the unit cell of the top layer is denoted by X and those in the unit cell of
the bottom layer is X̃. The positions of these orbitals are written as
RX = n1a1 + n2a2 + τX (top),
RX̃ = ñ1ã1 + ñ2ã2 + τ X̃ (bottom), (2.11)
where ni and ñi are integers, and τX and τ X̃ are the sublattice position inside
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Figure 2.8: The blue honeycomb lattice is placed on the green one with a
twist angle θ.
the unit cell.
The interlayer coupling Hamiltonian U is represented using the Bloch
base,




eik·RX |RX , s〉 (top),




eik̃·RX̃ |RX̃ , s̃〉 (bottom), (2.12)
where |RX , s〉 represents the atomic orbital X at position of RX with spin
s. The k and k̃ are the two-dimensional Bloch wave vectors parallel to the
layer, and N (Ñ) is the number of unit cells of the top (bottom) layer. The
interlayer matrix elements of U are

















where T (RX̃−RX) is the hopping integral between the atom on the top layer
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with position RX and another atom on the bottom layer at RX̃ . Applying


















































2 is reciprocal lattice vector of the bottom layer.
Inserting Eq. (2.15) back to Eq. (2.13), we can get


































The final interlayer coupling Hamiltonian consists of the following part.
1. A phase factor eiG·τX−iG̃·τ X̃ generated by sublattice positions,
2. The spin selection rule δss̃,
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3. Coupling strength tX̃X(k̃ + G̃),
4. Coupling condition,
k + G = k̃ + G̃. (2.17)
Figure 2.9: An illustration in 2D reciprocal space of the coupling condition
for two Bloch wave |k〉, |k̃〉. The blue solid hexagon is the first Brillouin
zone of the top layer and the green solid one is that of the bottom layer. The
dashed hexagons are extended Brillouin zones. G and G̃ are reciprocal lattice
vectors of the top layer and the bottom one respectively.
While the first two points are quite straightforward, the last two can be
understood through a schematic illustration, Fig. 2.9. For an arbitrary Bloch
wave k on the top layer, it is first translated in the k-space by some reciprocal
lattice vector G of the top layer to k + G. After that, k + G is folded back
to the first Brillouin zone of the bottom layer and the corresponding position
is k̃ = k + G− G̃. Only those k̃ found through this process can couple with
k, which is the coupling condition (# 4). Meanwhile, the coupling strength
is determined by the distance from k + G to Γ (# 3). Since the coupling
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strength tX̃X is the Fourier transform of the hopping integral TX̃X and the
hopping integral is an exponentially decaying function, the coupling strength
tX̃X is also exponentially decaying. Therefore, it is sufficient to keep only
several major terms in the summation of Eq. (2.16).
2.4 Hopping Parameters in Tight-binding Model
To calculate tX̃X in the last section, the hopping integral of two atom orbitals
with arbitrary relative position and orientation is required. Slater-Koster
Approximation [136] can be applied to this problem.
2.4.1 Slater-Koster Approximation
For given two atomic orbitals with arbitrary orientation, the Slater-Koster
Approximation decomposes the electronic hopping integral between the two
into σ, π, δ components. Let us take a simple example of two pz orbitals to il-
lustrate the Slater-Koster Approximation. Both orbitals are decomposed into
one component parallel to the line connecting centers of these two orbitals,
and the other one perpendicular to it. The parallel components forms a σ
band contributing Vppσ to the overall hopping integral, and the perpendicular













Using the notation of l = x/r, m = y/r and z = z/r, the other hopping
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Figure 2.10: Slater Koster Approximation for two pz orbitals with random
orientation: Decomposing them into a π bond plus a σ bond.
integrals used in this study are given by
Ex,z = lnVppσ − lnVppπ, (2.19)
Ey,z = mnVppσ −mnVppπ, (2.20)
Ez,z = n
2Vppσ − (1− n2)Vppπ, (2.21)
Exz,z =
√
3l2nVpdσ + n(1− 2l2)Vpdπ, (2.22)
Eyz,z =
√
3m2nVpdσ + n(1− 2m2)Vpdπ, (2.23)
Exy,z =
√





n(l2 −m2)Vpdσ − n(l2 −m2)Vpdπ, (2.25)
E3z2−r2,z = n(n
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2.4.2 Harrison’s Theory
The hopping integrals such as Vppσ are still unknown. Here we assume expo-









Here dC−Ch (dC−M) is the reference bond length of carbon and chalcogen
(transition metal) atom, and the r0C−Ch (r
0
C−M) is the characteristic decay
length in the hopping amplitude. The prefactors V 0ppσ and V
0
ppπ are the hopping
integrals at the reference bond lengths, which are given by the Harrison’s
model [139]






























Here m is the bare electron mass, rp and rd are the radii of p-orbital and d-
orbitals, respectively, and ηC−Ch and ηC−M are the fitting parameters (ηC−Ch =
ηC−M = 1 in the original model [139]). We adopt the parameters dC−S =
1.82Å[140], dC−Se = 1.94Å[141], dC−Mo = 2.059Å[142] and dC−W = 2.2Å[143].
rp = 6.59Å for C, rd = 1.231Å and 1.268Å for Mo and W, respectively[139].
The decaying length r0C−X and the amplitude parameter ηC−X are tuned
to reproduce the first-principles band structures for MoS2 and WS2 on graphene
with 0◦ rotation. Here we assume the approximate commensurate lattice
structure of which unit cell is comprised of 3×3 supercell of MoS2 and 4×4 of
graphene. The graphene lattice is deformed to match the MoS2 lattice, form-
ing a commensurate super-lattice. Quantum Espresso[144, 145] are used with
34
CHAPTER 2. THEORETICAL BACKGROUNDS
the generalized gradient approximation[146] and with a k lattice of 12×12×1.
The lattice relaxation is not performed nor is the van der Waals interaction
taken into account. Obtained values are r0C−S = 1.131Å, r
0
C−Se = 1.205Å,
r0C−Mo = 1.280Å, r
0
C−W = 1.367Åand ηC−S = 1.26, ηC−Mo = 0.92 ηC−W =
0.30, which are used throughout the study.
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Chapter 3
SOC in Graphene on TMDC
3.1 Geometry
Our system of interest is formed by placing a monolayer graphene on the
top of a TMDC monolayer. Both graphene and TMDC are two dimensional
honeycomb lattices while their lattice periods are different. The graphene’s
lattice constant is aG = 2.46Å and that for TMDC’s is denoted as aT . The
aT ’s for the TMDCs considered in our study are listed in Table 3.1. Starting
from a non-rotated arrangement with parallel bond directions, we define the
stacking geometry by rotating the TMDC by the twist angle θ around the
common center of hexagon as in Fig. 3.1(a). The lattice structure has the C3
(120◦) rotational symmetry with respect to the rotation center. We neglect
the degree of freedom in the in-plane parallel translation between TMDC and
graphene, as the in-plane translation in incommensurate systems can always
be incorporated with a shift of the origin [135].
We define the lattice vectors of graphene as a1 = aG(1, 0) and a2 =
aG(1/2,
√
3/2), and those of TMDC are defined as ã1 = RaT (1, 0) and ã2 =
RaT (1/2,
√
3/2), where R = R(θ) is the rotation matrix. The unit cell area
is S = |a1×a2| and S̃ = |ã1× ã2| for graphene and TMDC, respectively. The






2, are defined by ai ·a∗j = ãi · ã∗j = 2πδij.
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Figure 3.1: (a)Top view and (b) the side view of graphene on TMDC mono-
layer with twist angle θ.
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The distance between the graphene layer and the top chalcogen layer is given
by d and w is defined as the distance between top and bottom chalcogen
layers. The lattice vectors, d and w are illustrated in Fig. 3.1. The values of
d and w for different kinds of TMDCs are shown in table 3.1.
3.2 Theoretical Model
As is mentioned in Sec. 1.2.1 and Sec. 2.1.1, graphene’s electronic properties
are dominated by its pz orbitals and its tight-binding Hamiltonian is given
by Eq. (2.5). We label its sublattice as X = pAz , p
B
z for A and B sites, respec-
tively. For TMDC, we adopt the tight-binding model described in Sec. 2.2
including five d orbitals for a transition metal atom and three p orbitals for
one chalcogen atom [129] because the spin orbit coupling in TMDC mainly
originated from the d-orbitals and the p-orbitals are responsible for the in-
terlayer coupling with graphene. The orbitals in a TMDC unit cell is labeled
by













where t and b represent top and bottom chalcogen layers. The positions of
the orbitals are given by
RX = n1a1 + n2a2 + τX (graphene),
RX̃ = ñ1ã1 + ñ2ã2 + τ X̃ (TMDC), (3.1)
where ni and ñi are integers, and τX and τ X̃ are the sublattice position inside
the unit cell. Specifically, they are expressed as τ pAz = −τ 1, τ pBz = τ 1 for
graphene, and τ X̃ = −τ̃ 1−(d+w/2)ez for the transition metal d-orbitals and
τ X̃ = τ̃ 1 − dez, τ̃ 1 − (d+ w)ez for the top and bottom charcogen p-orbitals,
respectively, where τ 1 = (−a1 + 2a2)/3 and τ̃ 1 = (−ã1 + 2ã2)/3.
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Under the Bloch bases, the Hamiltonian is written as




eik·RX |RX , s〉 (graphene),




eik̃·RX̃ |RX̃ , s̃〉 (TMDC), (3.2)
where s, s̃ are the spin indexes, k and k̃ are the two-dimensional Bloch wave
vectors parallel to the layer, and N = Stot/S and Ñ = Stot/S̃ are the number
of unit cells of TMDC and graphene, respectively, in the total system area
Stot.
Since the interactions in this heterostructure are comprised of intralayer
components and interlayer one, the total tight-binding Hamiltonian is ex-
pressed as H = HG + HT + Hint, where HG and HT are the Hamiltonian
for the intrinsic graphene monolayer (Sec. 2.1.1) and TMDC monolayer (Sec.
2.2) respectively, and Hint is for the coupling between graphene and TMDC.
The details of HT has been described in Sec. 2.2, which is a tight-binding
model adopting the hopping parameters based on the first principles calcula-
tion [129]. The spin-orbit coupling is included through on-site L · S term for
each atom. The asymmetry between graphene and TMDC introduces elec-
trostatic potentials. We describe it using the on-site energy of the TMDC
atoms relative to the carbon atoms and it is extracted from the relative energy
ET −EG from the graphene Dirac point to TMDC conduction band edges in
Table 3.1: List of parameters for TMDCs and graphene-TMDC bilayers used
in this work.
MoS2 MoSe2 WS2 WSe2
aT (Å) 3.18 [129] 3.32 [129] 3.18 [129] 3.32 [129]
w(Å) 3.13 [129] 3.34 [129] 3.14 [129] 3.35 [129]
d(Å) 3.37 [129] 3.41 [147] 3.41 [3] 3.42 [3]
ET − EG(eV) 0.020 [4] 0.60[147] 0.12 [3] 1.06 [148, 3]
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the first principles calculations [4, 148, 147, 147, 3], which are listed in Table
3.1.
Regarding the interlayer interaction, we assume that the transfer integral
from RX to RX̃ is described as −TX̃X(RX̃ − RX), with the Slater-Koster
parameterization [136] and the exponential decay in the distance (Sec. 2.4).
Here the hopping amplitude and the decay length are determined to fit the
first principles calculations. The interlayer coupling (Sec. 2.3) between the
Bloch state of graphene and that of TMDC is then given by [27, 135]













2 are reciprocal lattice vectors of
graphene and TMDC, respectively, tX̃X(q) is the in-plane Fourier transform







where zX̃X = (τ X̃ − τX) · ez.
Now that the graphene’s Dirac point locates inside the band gap of
TMDC, The proximity effect from TMDC can be treated as a perturba-
tion and then we can obtain the effective Hamiltonian of graphene including
the TMDC proximity effect by the second order perturbation as Heff(k) =




〈k, X ′, s′|Hint|ñ, k̃〉 〈ñ, k̃|Hint|k, X, s〉
EG − Eñ,k̃
. (3.5)
In the equation above, EG is the energy of the graphene’s Dirac point, and
Eñ,k̃ and |ñ, k̃〉 are the eigen energy and eigen state of HT, respectively, with
the band index ñ (including the spin degree of freedom) and the Bloch vector
k̃. Note that |ñ, k̃〉 is written as a linear combination of |k̃, X̃, s̃〉 of the same




We can obtain the low-energy Hamiltonian by expanding Heff(k) around
the valley center Kξ ≡ −ξ(2a∗1 + a∗2)/3, where ξ = ±1 is the valley index.
In the vicinity of graphene’s K-valley, HG is approximated by H
(ξ)
G (k) =
−~v(k−Kξ) · (ξσx, σy), where v is the band velocity of graphene, and σx and




z . [149]. In terms of
the proximity SOC term, we only take the zero-th order Veff(Kξ) ≡ V (ξ)eff . Now
that the transfer integral TX̃X(R) attenuates exponentially and so does its
Fourier transform tX̃X(q), it suffices to keep only a few k̃’s in the summation
of Eq. (3.5). For k = Kξ, the dominant contribution comes from three points,










2 − ã∗1 − ã∗2), while the effect of
other k̃’s are negligibly small. We display a couple of coupling strength tX̃X
in Fig. 3.2 and the three aforementioned points locate near the boundary of
TMDC’s first Brillouin zone (white hexagon) where tX̃X is non-vanishing. In
contrast, all the other higher order k-points, such as k̃ = Kξ + 2ξã
∗
1, are far
beyond the TMDC’s first Brillouin zone where tX̃X is almost zero. In this way,
we can obtain the effective proximity potential by considering TMDC Bloch
states at only three wave points, which significantly reduces the corresponding
computing cost.
From the symmetry analysis described in the next section, we can show
that V
(ξ)









e−iφsz/2(ξσxsy − σysx)eiφsz/2 + V0, (3.6)
where si (i = x, y, z) is the Pauli matrix for spin degree of freedom, and the
last term V0 is independent of spin and sublattice degree for freedom. The
term V0 just shifts the energy origin of the overall band structure. Apart from
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(a) tptzpz (b) tptxpz
(c) tdyzpz (d) tdx2−y2pz
Figure 3.2: The coupling strength tX̃X in Eq. (3.3) against k between different
orbitals. The white hexagons denote the first Brillouin zone of TMDC. All
tX̃X rapidly approach zero beyond the first Brillouin zone. Although only
four kinds of tX̃X are displayed here, the rapid decreasing applies to all kinds
of tX̃X .
the V0 term, V
(ξ)
























These two matrix forms are represented in the basis of |X, s〉 = |A, ↑〉, |B, ↑〉,
|A, ↓〉 and |B, ↓〉. The difference in the diagonal elements λ leads to the spin
splitting between spin up and spin down, and the off-diagonal term λR mixes
the different spins. The term with λR is similar to the Rashba spin-orbit




G (k) + V
(ξ)
eff is
formally equivalent with that of the asymmetric bilayer graphene, [151, 119]
where the spin up and down correspond to layer 1 and 2, respectively, and
λR and λ to the interlayer coupling and the interlayer asymmetric potential,
respectively. but here the spin axis can be rotated by an angle φ on xy-plane.
The band structure of graphene with the proximity spin-orbit coupling
V
(ξ)
eff is schematically plotted in Fig. 3.3. First, the Zeeman-like term in the
effective Hamiltonian (Eq. (3.6)) splits the Dirac cone into two and then the
Rashba-like term mixes the states at intersections of the two Dirac cone,










Due to the symmetry of the system, Eq. (3.6) is forced to consist of
a traceless diagonal and off-diagonal terms hybridizing only |A, ↑〉-|B, ↓〉 or
|B, ↑〉-|A, ↓〉. The terms in Eq. (3.6) are generally allowed in the time reversal
symmetry T and the C3 symmetry. Actually, the term proprotional to σz
(different on-site energies at A and B sites) is also possible under T and
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Figure 3.3: A schematic illustration of the Zeeman-like SOC’s effect and the
Rashba-like one’s to graphene’s band structure.
C3 [5], while it is prohibited by the incommensurability between graphene
and TMDC. An additional space symmetry imposes a constraint on V
(ξ)
eff . At
θ = 0, the reflection symmetry Rx : (x, y, z) → (−x, y, z) requires eiφ is real.
At θ = 30◦, the reflection symmetry Ry : (x, y, z) → (x,−y, z) requires real
eiφ and also λ = 0, i.e., the SOC is dominated by the Rashba term. The
detailed argument of the symmetry consideration is presented in Sec. 3.3.
3.3 Symmetry Consideration of the Induced
Effective Potential on Graphene
Various symmetries in the graphene/TMDC heterostructure pose restrictions
to the effective spin-orbit Hamiltonian V ±eff , forcing it to take the form of Eq.
(3.7). Here we analyze what symmetries are responsible for that form. The
lattice structure has the C3 (120
◦) rotational symmetry with respect to the















where RX(X = A,B) runs over the atomic positions of sublattice X, |RX〉
is the pz orbital at RX , and F
ξ
X(r) is the smooth envelop function of sub-
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lattice X and the valley ξ. The state is represented by the four-component







T , where T is the matrix
transposition.














































or simply expressed as T F = τxKF, where τi (i = x, y, z) is the Pauli matrices
for the valley pseudospin, and K is complex conjugate operation. Since spin-
orbit coupling is considered, the time reversal operation for electron spin isyK
has to be included, where si (i = x, y, z) is the spin Pauli matrix. Then, the
total time reversal operation including orbital and spin is given by,
T = isyτxK. (3.13)
If we apply in-plane 120◦ rotation operation C3 to the low energy state
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When the rotation origin is chosen on the center of a hexagon in the honey-
comb lattice, C3 maps a A site to some other A site, and a B site to other B
site. By writing C3RA = R
′
























































B . In the
























It is abbreviated as C3F = [−(1/2) + (
√
3/2)τzσz]C̃3F, where C̃3 represents
the 120◦ rotation for the envelop function i.e., C̃3F(r) = F(C
−1
3 r), and σi (i =
x, y, z) is the Pauli matrices for A,B sublattice. Now that the time reversal
operation for electron spin is given by e−i(2π/3)sz/2 = (1/2) − i(
√
3/2)sz, the


































[cosφ(τzσxsy − σysx)− sinφ(τzσxsx + σysy)] , (3.18)
where the valley index ξ is replaced with the Pauli matrix τz. Then it is
straightforward to check that Veff commutes with T and C3. An additional
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space symmetry imposes a constraint on Veff . At θ = 0, the reflection symme-
try Rx : (x, y, z) → (−x, y, z) requires eiφ is real. At θ = 30◦, the reflection
symmetry Ry : (x, y, z)→ (x,−y, z) requires real eiφ and also λ = 0, i.e., the
SOC is dominated by the Rashba term. This can be proved by noting that
Rx and Ry are written as
Rx = −isxτxR̃x,
Ry = −isyσxR̃y, (3.19)
where R̃i (i = x, y) represents the reflection operator for the for the envelop
function with respect to axis i.
In fact, the term proprotional to σz (different on-site energies at A and
B sites) also commutes with T and C3, while it is prohibited by the incom-
mensurability between graphene and TMDC. The interlayer matrix element
is given by





When the lattice structures of graphene and TMDC are incommensurate,
there is at most only single choice of (G, G̃) to connect specific pair of k
and k̃, because the primitive reciprocal vectors of graphene a∗i cannot be
written in any linear combinations of those of TMDC, ã∗j ’s. Then the dif-
ference in graphene’s sublattice X = A,B only matters in the global phase
factor e−iG·τX , and it does not affect the diagonal terms of Veff which are real
numbers. Therefore we have the equal on-site energy at A and B for each
spin-valley sector. When the system is commensurate, on the other hand,
the interlayer hopping from k to k̃ is contributed by several paths with dif-
ferent G’s, where the different phase factors e−iG·τX interfere, leading to the
sublattice dependence.
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3.4 Numerical Results
Using our perturbational tight-binding model, we calculate the band struc-
tures of MoS2, WS2, MoSe2 and WSe2 at rotation angles θ = 0
◦, 15◦, and 30◦.
The calculated band structures are shown in Fig. 3.4. The dotted green line in
Fig. 3.4 indicates the first principal DFT calculations, from which we extract
the interlayer hopping parameters. Here we extract the interlayer hopping
matrix element from the DFT calculation with θ = 0◦ case, as described in
Sec. 2.4. We can see that the effective model well reproduces the DFT band
structure, and it is also consistent with other DFT calculations [5, 3].
In Fig. 3.4, we see that the band structures of all four kinds of TMDC
take the shape of double crossing with gaps appearing at the intersection. The
formation of such a shape can be understood by the schematic figure in Fig.
3.3. Figure 3.4 also shows that, for all of MoS2, WS2, MoSe2 and WSe2, the
spin spitting is enhanced about 3 times at 15◦ compared to 0◦ cases, and then
significantly decreases at 30◦. The band color in Fig. 3.4 indicates out-of-plane
spin polarization 〈sz〉. At 30◦, the spin lies in xy-plane, which is resulting
from the vanishing of Zeeman-like term λ in the effective Hamiltonian (Eq.
3.6) at 30◦.
To illustrate the variation of the spin-orbit interaction against the twist
angle, we plot in Fig. 3.5 the Zeeman-like term λ and the Rashba-like term
λR in the effective Hamiltonian (Eq. 3.6), as well as the spin splitting width
Esplit (Eq. 3.9) and the band gap Egap (Eq. 3.8), as functions of the twist
angle θ. Starting from 0◦, both λ and λR increase, resulting in the increasing
of spin splitting and gap by recalling Egap = |λλR|/(λ2 + λ2R)1/2 and Esplit =
(λ2 +λ2R)
1/2. For WS2, in particular, the maximum splitting is about 5 times
as large as that of 0◦. At 30◦, the parameter λ vanishes because of the
aforementioned symmetric requirements. Consequently, the Veff is dominated
by λR and Egap vanishes. There the band structure is formally equivalent
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Figure 3.4: Band structures for graphenes on (a)MoS2, (b)WS2, (c)MoSe2
and (d)WSe2 at the twist angles θ = 0
◦, 15◦, and 30◦, where color indicates
the expectation value of sz. In the band plots of MoS2 and WS2 at θ = 0
◦,
the dotted green line indicates the DFT calculations.
to the symmetric AB-stacked bilayer graphene, and the expectation value of
spin lies on the xy-plane.
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Figure 3.5: Spin-orbit parameters λ, λR, the central energy gap Egap and the
spin splitting Esplit, as a function of the twist angle θ in graphene-TMDC
bilayers. The small window in (a) schematically shows the band structure of
graphene on MoS2 and the definition of Egap and Esplit.
The peaks near 20◦ for all the four cases shown in Fig. 3.5 can be explained
by considering the second-order process, Eq. (3.5). The spin splitting of every
TMDC band at k̃ points which are hybridized with the graphene’s Dirac point
contributes to the amplitude of Veff . On one hand, it is sufficient to consider
only the three dominant k̃ due to the rapid attenuation of tX̃X illustrated
in Fig. 3.2. On the other hand, the lowest valence band of TMDC makes
the greatest contribution to Veff for MoS2 and WS2, as it is the closest to
the graphene’s Dirac point energy (black horizontal line), leading to a small
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Figure 3.6: (a) Position of three dominant k̃ points in WS2 that interact
with graphene’s K+ point, with θ = 0◦, 17.9◦, and 30◦. Blue (green) hexagon
represents the first Brillouin zone of graphene (WS2). (b) Band structure of
WS2, where the vertical dashed lines indicate the k̃ for the three rotation
angles, and the black horizontal line is the energy of graphene’s Dirac cone
without gate voltage.
denominator in Eq. (3.5). Figure 3.6(a) illustrates the positions of the three
dominant k̃’s for ξ = +, in WS2 with θ = 0
◦, 17.9◦, and 30◦. Figure 3.6(b)
presents the band structure of WS2 with the vertical dashed lines indicating
the k̃’s for the three rotation angles. We can see that the k̃ point for 17.9◦
happens to be very close to the Q-valley, where the magnitude of the spin
splitting much greater than in other angles. This qualitatively explains the
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sharp rise of λ and λR around 20
◦. In contrast, the graphene’s Dirac points
hybridize with the region near the middle point of Γ and M point at 30◦
where there is almost no spin splitting in TMDC’s bands, which explains the
almost vanishing spin splitting at 30◦.
The spin splitting can be even enhanced by shifting the relative energy
between graphene and TMDC, which can be realized by applying the per-
pendicular gate electric field. Figure 3.7 plots the angle dependence of the
spin-splitting of WS2 with different values of the relative energy shift between
TMDC and graphene, ET −EG. As ET −EG is decreased from 0 to −0.08 eV,
it is obvious that the peak gradually becomes shaper. At ET − EG = −0.08
eV [Fig. 3.7(c)], the graphene’s Fermi energy hits the bottom of the Q-valley,
as shown the blue horizontal dashed line in Fig. 3.6. Although the Fermi
energy is just a little higher than in Fig. 3.5(b), the maximum spin splitting
sharply increases to 20 meV, about 10 times as big as in θ = 0, because the
denominator in Eq. (3.5) becomes very small. This suggests that tuning of
the spin-orbit coupling would be possible using the external gate voltage.
Figure 3.7: From (a) to (c), gate voltage is gradually applied to shift the Fermi
level of graphene towards the conduction band edge of WS2. As the Fermi
level gets closer to the band edge, the stronger the induced SOC becomes.
Last but not least, the proximity potential also breaks the valley degen-
eracy of graphene. We show this by calculating the valley Hall conductivity
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when the Fermi energy lies in the central gap and it turns out to be non-














where an(k) = −i〈unk|∇k|unk〉 is the Berry connection, unk is the Bloch
function (eigenvector of H
(ξ)
eff ) of the band n, and occ. stands for the occupied
valence bands (n = 1, 2). As a result, the valley Hall conductivity becomes
σ
(+)
xy − σ(−)xy = −(2e2/h)sgn(λ).
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Chapter 4
SOC in Multilayer Graphene on
TMDC
4.1 Theoretical Model
Here we consider three types of multilayer graphenes, AB-stacking bilayer
graphene (BLG), ABA-stacking trilayer graphene (TLG) and ABC-stacking
TLG, stacked on top of a TMDC layer (Fig. 4.1). This system can be obtained
by stacking additional graphene layer(s) on top of the monolayer graphene
on TMDC in the AB, ABA or ABC stacking sequence. Therefore we can use
the same definitions of twist angle θ and lattice vectors as in Sec. 3.1.
The effective Hamiltonian of graphene multilayer on TMDC is written as
Heff = H0 + Veff +H∆, (4.1)
where H0 is the Hamiltonian of pristine AB-BLG, ABC-TLB or ABA-TLG,
Veff is the effective potential from TMDC exerted only on the bottommost
layer of multilayer graphene and H∆ is the layer-wise electrostatic energy
difference which is induced by the transverse electric field and also by the
proximity effect of TMDC. Here H0 and H∆ are the spin independent. In the
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Figure 4.1: (a) Atomic structure of multilayer graphene on TMDC. (b)
Schematic illustration of the on-site potentials for each graphene layer un-
der an external transverse electric field. ∆1 to ∆3 are layer-wise potential
differences caused by the external electric field E. U denotes the built-in
potential of the bottom graphene layer generated from the proximity effect
of the TMDC.
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Here each block matrix represents a 4×4 matrix including AB sublattice and
spin degree of freedom. The first term on the right side is the Hamiltonian of
pristine multilayer graphene given by Eq. 2.10, which is independent of spin.
In the second term, Veff is the effective spin-orbit potential [Eq. 3.6] which only
works on the bottommost layer (layer 1). The ∆i (i = 1, 2, 3 · · · ) in the third
term represents the electrostatic potential of layer i induced by the transverse
gate electric field F . Here we simply assume ∆i = (i− 1)eFd. U in the first
diagonal block of the third term describes the additional, built-in potential of
the layer 1 which induced by the proximity effect of the TMDC. This occurs
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because only the layer 1 (the bottommost layer) is in a direct contact with
TMDC substrate, and therefore its electrostatic environment is significantly
different from that of other layers. ∆i and U are independent of the sublattice
and spin degrees of freedom. We determine the build-in potential U by fitting
the model to the DFT calculation[92] of AB-BLG on WSe2 without the gate
field F , to obtain U = −42 meV. We use this parameter throughout the
following calculations.
4.2 Numerical Results
Figure 4.2 shows the calculated band structures AB-BLG, ABC-TLG and
ABA-TLG stacked on WSe2 with 0
◦-stack under various gate electric fields.
We first argue about the AB-BLG case [Fig. 4.2(a)]. When no external
field is applied (leftmost panel), the built-in potential U induces a gap near
Fermi level. Due to this built-in field, the layer 1 has smaller potential energy
than the layer 2, and thus |A1〉 and |B1〉 constitute the valence bands and
|A2〉 and |B2〉 constitute the conduction bands. Meanwhile, the induced SOC
works only the graphene layer 1. Therefore, without the external field, the
valence bands splits in spins because they consist mainly of bottom layer wave
functions where the SOC exists. In contrast, splitting in conduction bands
is negligible because they mainly reside on the other layer. If we apply a
transverse field to cancel this internal field, the energy gap closes, and at the
same time both the conduction and valence bands exhibits spin splitting of
the same magnitude. When this external field is further increased placing |A1〉
and |B1〉 at higher energy, the conduction bands rather than the valence bands
consist mainly of bottom layer wave functions and therefore the conduction
bands split. Actually the similar tendency was reported in the previous work
and the application to the spin valve is suggested. [92]
Here we also calculate ABC-TLG and ABA-TLG on TMDC for the first
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time and confirmed the similar gate-field dependence of the spin splitting,
as shown in Figs. 4.2 (b) and (c). It should be noted that the spin splitting
of the trilayer graphenes is more sensitive to the gate field than that of AB-
BLG. When we compare AB-BLG [Fig. 4.2(a)] and ABC-TLG [Fig. 4.2(c)] to
illustrate this. we see that ABC-TLG takes only a half external field strength
to cancel the built-in field compared to AB-BLG. This is because the larger
thickness of trilayer graphene leads to a larger energy difference between
the top layer and the bottom one, making the electronic polarization more
responsive to the external field. The higher sensitivity of the spin splitting
would be an advantage to realize the spin valve.
Figure 4.3 shows the band structures AB-BLG, ABC-TLG and ABA-
TLG stacked on WSe2 with various stacking angles θ under zero gate electric
field. A twist-angle dependence similar to graphene monolayer is also found
here: we actually see that the SOC splitting doubles when θ is changed from
0◦ to 16.5◦, and it is dominated by Rashba term λR at 30
◦.
Furthermore we find that, when θ varies from 0◦ to 30◦, the energy gap
gradually shrinks in AB-BLG and ABC-BLG. This is actually due to the spin-
independent term V0 in the effective potential (Eq. 3.6). For the monolayer
graphene on TMDC, V0 just shifts the origin of the band energy. In the
multilayer case, however, V0 works only on the bottommost layer and therefore
it modifies the band structure itself just in the same way as the built-in
potential U . Importantly, V0 significantly depends on the twist angle, and it
is actually responsible for the reduction of the energy gap upon increasing θ.
At 30◦, the Rashba splitting in AB-BLG and ABC-TLG is almost zero,
while that of ABA-TLG is about 0.5 meV, which is of the same order of mag-
nitude as in the monolayer graphene. The spin splitting width is estimated
by the following analytic argument. At 30◦, Zeeman SOC λ vanishes and
only Rashba SOC λR exists. Due to the mirror symmetry, the φ in Eq. 3.7 is
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Figure 4.2: Band structures around K valley of graphene multilayer stacked on
WSe2 with twist angle θ = 16.5
◦. Each column show respectively the band
structures of AB-BLG, ABA-TLG and ABC-TLG under different external
electric fields.
also zero. For ξ = +, V
(+)





0 0 0 0
0 0 −iλR 0
0 iλR 0 0





Figure 4.3: Band structures around K valley of graphene multilayer stacked
on WSe2. Each column show respectively the band structures of AB-BLG,
ABA-TLG and ABC-TLG under different twist angle θ = 0◦, 16.5◦ and 30◦
without external field.
which only couples the spin-down of A1 with the spin-up of B1. For AB-BLG,
the low-energy eigen states near the Fermi energy have the wave amplitudes
mostly on A1 and B2. Therefore, the matrix element of Veff between the
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low-energy states vanishes in the first order of λR, and the spin splitting
is proportional to λ2R. In ABC-TLG, similarly, the low-energy states are
concentrated mostly on A1 and B3, resulting in the spin splitting proportional
to λ2R. In ABA-TLG, on the other hand, the low-energy wavefunctions spread






In this thesis, we studied the proximity induced spin-orbit interaction in
graphene/TMDC heterostructures with arbitrary twist angles.
In Chapter 3, we provided a perturbational method to describe the prox-
imity SOC for general incommensurate interfaces, and we derived the effective
SOC potential for graphene as a continuous function of the twist angle θ. We
found that the magnitude of the induced SOC can be greatly enhanced by
the relative rotation of the crystal axes . Taking WS2 as an example, the
spin splitting of graphene is increased from 1.5 meV at 0◦ to 3.6 meV at
17◦, while it drops to 0.1 meV at 30◦. The enhancement of SOC near 17◦
can be explained using the selective coupling in the interlayer interaction: At
this specific angle, the graphene’s K point couples to the Q valley of TMDC,
where the spin splitting is stronger than other band regions. We have also
shown that the SOC can be even enhanced by shifting the graphene’s Dirac
point toward TMDC band by applying a gate voltage. The maximal spin
splitting is shown to be more than 20 meV under a gate voltage of 80 meV.
Using the symmetry analysis, we showed that the induced SOC only consists
of the Zeeman-like part and the Rashba-like part. At 30◦, in particular, the
Zeeman SOC vanishes due to the symmetry requirement, leaving only the
Rashba-like SOC. There the magnitude of the Rashba-like SOC is found to
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be of the order of 1 meV in selenides, which is about 10 times as large as in
sulphides.
In Chapter 4, we apply the theory to multilayer graphenes, including
AB-stacked BLG, ABA-stacked TLG and ABC-stacked TLG. A similar twist-
angle dependence of the proximity induced SOC was found in these multi-
layers as well. We showed that TMDC induces a built-in perpendicular elec-
tric field for multilayer graphene generating a potential difference between
graphene layers. This potential difference opens a gap at the Fermi level of
multilayer graphenes without the presence of external fields. Furthermore,
we demonstrate that we can switch the spin splitting in either of the con-
duction band or the valence band by using the external electric field, which
could be utilized to make a spin valve. This phenomenon originates from the
fact that the electrons in conduction band and valance band have the wave
amplitudes mainly on either of top layer or bottom layer depending on the
electric field, and only the bottom layer feels the spin-orbit potential from
the TMDC substrate. We found that the spin-splitting of ABC-TLG is more
responsive to the external field than that of AB-BLG because of its larger
thickness. Besides, we have also shown that the Rashba spin splitting at 30◦
are tiny (< 0.1 meV) for AB-BLG and ABC-TLG, because it is in the second
order in the effective SOC potential. In ABA-TLG, in contrast, the Rashba
splitting is linear and it is of the order of ∼ 1 meV.
In conclusion, the thesis studied the twist-angle dependence of the prox-
imity spin-orbit interaction in graphene/TMDC heterostructures, which has
been overlooked in previous studies. The twist-angle enhancement of SOC
found in this thesis should be useful to maximize experimental signals in the
spin-orbit related phenomena. Also, the theoretical method proposed in this
thesis does not need the exact lattice matching, so that it is applicable to any
incommensurate bilayer systems which cannot be treated by the DFT calcula-
tion. It would be useful for the twist-angle engineering of a wide variety of van
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